A complete analysis of the dynamics of the Hu-Sawicki modification to General Relativity is presented. In particular, the full phase-space is given for the case in which the model parameters are taken to be n = 1, c1 = 1 and several stable de Sitter equilibrium points together with an unstable "matter-like" point are identified.
I. INTRODUCTION
Over the past decade, our ability to make high precision measurements of the cosmic microwave background and distance measurements of Type Ia supernovae have led to the remarkable conclusion that the expansion rate of the universe is accelerating.
The most widely accepted cosmological model of the universe, based on General Relativity -The Concordance Model -attributes this acceleration to a mysterious, exotic form of energy density called dark energy, which dominates the energy density of the universe at the present time. While this model is by far the simplest and most successful, in terms of fitting the current cosmological data, there are a number of shortcomings associated with this theory, such as fine tuning issues, the coincidence problem and the need for unknown, exotic forms of energy.
Naturally, such fundamental problems begs the question of whether or not our understanding of physics is complete on the scales which we are applying it; for example, could the late time acceleration of the universe be a manifestation of the break down of the gravitational interaction on cosmological scales? It is for this reason that viable alternative theories of gravitation are currently receiving a great deal of attention.
A very popular class of alternatives to the ΛCDM model involve modifying, the Einstein-Hilbert action by considering terms containing higher order curvature invariants. This results in a gravitational theory which produces predictions that differ from General Relativity only late in the matter dominated era of the universe, producing an effective dark energy term which leads to the observed late time acceleration, as well as retaining the success of General Relativty on solar system scales. These f (R) theories of gravity, by their construction, introduce an additional scalar degree of freedom which has a coupling to matter that is extremely weak [6] , [31] , [7] . This scalar degree of freedom results in a long range fifth force which predicts that the curvature of the space time in the neighbourhood of a localised energy density is uncoupled from the energy density. Taking this effect into consideration, several conditions must be satisfied in order for a f (R) theory to be compatible in both the low and high curvature regimes [31] . It is important that the expansion history in the early universe matches what is obtained from General Relativity, in order to be consistent with big bang nucleosynthesis, as well as the fact that the f (R) theory should generate a late time acceleration compatible with current observations, without the introduction of a cosmological constant.
If we take the function f (R) to be made up of the usual linear Lagrangian plus some corrective terms encapsulated in a second function g(R): f (R) = R + g(R), then the above conditions can be expressed as the following limits on g(R): lim R→∞ g(R) = Constant , lim R→0 g(R) = 0.
The first limit corresponds to epochs during which the model f (R) should resemble a late time ΛCDM universe, containing an effective cosmological constant, for which the Lagrangian looks like R − 2Λ. The second limit enforces the condition that the f (R) model chosen must behave close to standard GR.
So far, the most compelling models proposed, which satisfy these limits are broken power law functions, due to the fact that such functions can be parametrised to give the required behaviour in the relevant regimes. Several models have been proposed which are designed to satisfy the above limits [31, 61] and we will focus on the first of these, introduced originally by Hu & Sawicki [31] .
The main difficulty which plagues the investigation of such models results from the inherent complexity associated with the inclusion of higher order invariants of the curvature tensor into the gravitational action. It is con-sequently extremely difficult if not impossible to derive the cosmological dynamics and obtain exact solutions for such theories.
One method, which has been found to be particularly effective in overcoming many of the issues encountered with higher order theories, is the so-called dynamical systems approach to cosmology [2, 10, 12] . This technique relies on the ability to express the cosmological equations as a set of autonomous differential equations, using a set of suitably chosen variables. In this paper we use these techniques to proved a detailed description of the cosmological dynamics of the Hu & Sawicki model and determine under what conditions a ΛCDM-like expansion history can be obtained.
In Section II below we briefly present the field equations for f (R) gravity in a metric formalism. Section III discusses the Hu-Sawicki model, which is the focus of analyses performed below. We present the dynamical systems approach to f (R) gravity, give the general form of the dynamical system for a general f (R) and carefully detail the analysis and its results in Section IV, where we discuss the fixed points, and their stability, both in a compact and non-compact phase space. The expansion history for the particular Hu-Sawicki model, considered in this paper is calculated in Section V to provide a comparison with the Concordance model, as well as to illustrate the effects of fixing the initial conditions on the viability of the model. Finally, we review the results presented and discuss conclusions and various limitations of the analysis in Section VI. Throughout this paper natural units are assumed ( = c = k B = 8πG = 1).
II. f (R) COSMOLOGY
In principle there is no a-priory reason to restrict the gravitational Lagrangian. In fact, it is quite possible that the addition of higher powers of R and corresponding invariants may improve the characterisation of gravitational fields near regions where R → ∞ [4] . Further impetus to explore results of nonlinear gravitational Lagrangians is due to the fact that every theory attempting to unify the fundamental interactions require either that there are non minimal couplings to the geometry or that higher order curvature invariants appear in the action [6] , [4] .
In higher order gravity theories, the Einstein-Hilbert action is modified by considering the addition of higher order, most commonly, second order, curvature invariants. Second order modifications result in quadratic Lagrangians, which involve some of the four possible curvature invariants of the Ricci scalar, Ricci and Riemann tensors; R 2 , R ab R ab , R abcd R abcd and ε iklm R ikst R st lm , here ε iklm is the completely antisymmetric tensor, of rank four. In fact, by making use of the following identities, which are true for all 4-dimensional space times:
as well as the fact that the following identity is true for spacetimes with maximally symmetric spatial sections,
it is possible to deduce that any quadratic modifications to the Lagrangian can in general be represented by combinations of powers of the Ricci scalar. The modified Lagrangian is then given by:
where L m is the standard matter Lagrangian. Clearly General Relativity is recovered when f (R) = R − 2Λ.
Varying (4), with respect to the metric we obtain the following fourth order field equations:
Here primes denote derivatives with respect to the Ricci scalar. We are only concerned with modifications to GR at late times, so T αβ is described completely by the matter dominated stress-energy tensor. For the spatially flat (k = 0) FLRW metric with signature (− + ++), where the matter is described as a perfect fluid with equation of state w = p ρ , the independent field equations in terms of the function f (R) are (dots represent temporal derivatives):
The Raychaudhury equation
where H represents the usual expansion rate, H =ȧ a , the Friedmann equation,
The trace equation
In addition the Energy Conservation equation for standard matter is given bẏ
Finally an expression for the Ricci scalar in terms of H can be obtained by combining the Raychaudhuri and the Friedmann equations:
III. THE HU-SAWICKI MODEL
The Hu-Sawicki model (HS model) for f (R)-gravity [31] was designed specifically to overcome several problems faced by other f (R) functions considered as alternatives to the Lagrangian of General Relativity. It is constructed in such a way that it satisfies the limits mentioned in the previous section, and therefore, given an appropriate choice of parameters, is able to recover standard General Relativity at high redshifts, as well as mimic ΛCDM at low redshifts. See [31] for details on this class of models. Below is a short summary of the parameters which enter this theory. The functional form of f (R) is characterised by the correction g(R), which is a general class of broken power laws:
Here n > 0 and the mass scale m 2 is taken to be:
whereρ 0 is the average density of the present epoch and κ 2 = 8πG. c 1 and c 2 are dimensionless parameters, whose relationship will be shown to be associated with the present matter density parameter, Ω m .
The sign of the second derivative of the correction, g(R), is required to be strictly positive for high curvatures relative to density in order to guarantee that at high density, the solution is stable in this regime.
The above condition is important to ensure that at high redshifts, the General Relativity values of quantities, such as Ω m h 2 are recovered. For convenience we define
The key appeal of this class of models is that, explicitly, there is no cosmological constant term. However, if we consider the limit of very high curvature relative to m 2 :
it can be seen that, for a fixed value of , the curvature is frozen to a fixed value and no longer decreases with matter density; this gives rise to a set of models which exhibit late time acceleration similar to ΛCDM [31] .
It follows that [31] admits the following relationship between the parameters and the energy densities of the cosmological constant,Ω Λ , and matter,Ω m :
The remaining two parameters n and c1 c 2 2 are free to choose in order to determine the expansion history and how well it fits observations, compared to the ΛCDM model. Larger values of n allows the model to mimic ΛCDM until later in the expansion history, while smaller values of c 1 /c 2 2 leads to a reduction in general deviations from it. Because both the Hubble parameter and the critical density depend on the correction g R ,Ω m only becomes the actual value of the matter density in the following limit:
The matter density in the physical units, however, remains unchanged.
Fixing the parameter values today
Considering the ΛCDM model with flat spatial geometry, we have:
and for the derivative of the correction:
The values for today are:
[31] uses the following specific values:
Therefore we have: Figure 9 in [31] show the range and combinations of parameter values, g R0 and n, which are acceptable and enable the model to satisfy solar system tests.
IV. DYNAMICAL SYSTEMS APPROACH TO f (R) GRAVITY
We follow the general strategy for applications of the dynamical systems approach to the cosmology of fourth order gravity, developed in [1, 2, 10, 12] . This provides a way of analysing the dynamics of any analytic function f (R) which is invertible for the Ricci scalar. Following the approach of [2, 26, 27] , a compact analysis of the phase space for a general f (R) theory is performed, by defining a strictly positive normalisation to pull any solutions at infinity into a finite volume. In order to make this possible, an appropriately normalised time variable needs to be defined. Ensuring that this time variable is strictly non-decreasing amounts to guaranteeing that the expansion-normalisation adopted is strictly positive. Thus, the sign of time is maintained, whether studying expanding or collapsing cosmologies. This means that any negative contribution to the Friedmann equation must be absorbed into the normalisation. In the case where a quantity can be both positive and negative, each option must be studied in a separate sector of the phase space. The full phase space can then be reconstructed by simply aligning the various sectors along their common boundaries. A phase space which is constructed in this way can therefore include all static, bouncing and re-collapsing models.
In this paper we will only consider sectors of the phase space where R ≥ 0, simply because negative Ricci scalar values are not of any real physical interest. We require f , f > 0, and the matter density is assumed to be nonnegative. The function f under consideration here, is always positive. Therefore, in (7), the term which contains f attached to a negative sign must be absorbed into the positive-definite normalisation.
A. Compact phase space analysis of f (R) gravity
Rewriting the modified Friedmann equation (7) in the following way allows a convenient definition of the normalised variables:
The left hand side of the above equation is a positive definite quantity. Quite naturally, assigning each term in (22) a name, we obtain the following dynamical variables: where D represents the normalisation which compactifies the phase space, and takes the form
The normalised time variable is then defined as follows:
Thus, (22) and (24) establish two independent constraint equations for our system:
The dynamical variables defined by (23) constitute the coordinates of our compact phase space and the boundaries of this phase space are defined by the above two constraints as follows:
The construction of D ensures that the dynamical variables are well defined when H = 0, thus we expect all static, expanding, collapsing and bounce solutions to be included. Expanding and collapsing universes are connected across the Q = 0 boundary.
B. The General Propagation Equations
Differentiating the dynamical variables (23) with respect to τ and substituting the independent cosmological equations, (7)−(8), leads to a set of 5 first order autonomous differential equations. The dimensionality of the system can be reduced by using the constraint equations (26) and (27) to eliminate y and Ω. Below, we show the general propagation equations for the reduced 3-dimensional autonomous system, where
specifies the specific f (R) model. In order to close the system, Γ must be expressed in terms of the dynamical variables. This implies that the above system characterises a general dynamical system for any modified gravity cosmology defined by a function f (R), which is invertible in terms of the dynamical variables, in other words, Γ needs to be expressed as a function of (x, Q, v):
Clearly, v = 0 corresponds to an invariant submanifold; solutions which start their evolution in this plane will remain there forever. This submanifold corresponds to universe models for which the Ricci scalar vanishes. Due to the existence of an invariant submanifold, no global attractor can exist for cosmological systems defined by the above compact dynamical variables.
It is useful to express the cosmological equations terms of the dynamical variables. By first expressing the second time derivative of f , given by the trace equation, in terms of these variables:
and then using (33) and the constraint equations, we can write the modified Raychaudhuri equation (6) in the following useful form:
In this way, once the fixed points have been determined, the expansion history at these points can be found directly by integrating this equation.
C. Dynamical Systems analysis of the Hu-Sawicki model
Let us now focus on the HS model as described in [31] , where f (R) is given by:
We define the following relations:
which enables us to write (35) in a more convenient form:
Here c 1 , c 2 and n are constant parameters to be constrained by observations and the dimensionless parameter λ is related to the ratio of m 2 defined by (12) and the present day value of the Hubble parameter.
We perform the compact dynamical systems analysis outlined in the previous section is to (35) or (37) for the case n = 1. It has been shown that n remains unconstrained by current cosmological data [53] and, therefore does not compromise generality at this stage. For simplicity we also set c 1 = 1. This has the added benefit of leading to a Γ which can be expressed entirely in terms of the dynamical systems variables:
The expression for Γ associated with this specific model (38) is then substituted into equations (30) - (32), and a dynamical systems analysis is performed to obtain the equilibrium points of the system. The equilibrium points, as well as their corresponding exact solutions for the scale factor are given in Table I . The Hartman-Grobman theorem is used to determine the stability of these fixed points, where possible. Some points obtained are nonhyperbolic, and in this case we resort to the Center Manifold Theorem or other techniques to clarify their nature.
In Figure 1 , we present a view of the compact phase space by showing several trajectories between the fixed points; in the upper panel we show the entire 3D phase space, and in the lower panel we show the invariant sub manifold corresponding to v = 0.
D. Stationary points, stability and exact solutions
For the HS model, with n = c 1 = 1 and keeping an arbitrary equation of state w, the fixed points for the entire phase space, as well as the exact solution of the scale factor at each point, are summarised in Table I. Note that although Table II includes a stability classification of the fixed points identified for universes dominated respectively by radiation, matter and a cosmological constant, the bulk of the analysis is focused on universes dominated by a dust fluid (w = 0). Accordingly, the phase-portraits below are all generated for w = 0.
The points for which the v and/or y coordinates are exactly zero make up a subset of fixed points which appear in the dynamical systems analysis for any arbitrary f (R) theory of gravity since Γ = 0 and the resulting equations are independent of f (R). For example, we find the corresponding fixed points for which v = 0 that appear in [2] for f (R) = R + αR n .
Stability
The stability of all the fixed points, save A ± , K ± and J , could be inferred using the Hartman-Grobman theorem. The fixed points A ± are non-hyperbolic, so the Center Manifold Theorem was used to determine the stability of A + 1 Perturbation theory was employed to find the stability near A − .
Non analytic points K+ and J
Considering the structure of Γ, as expressed in (38) in terms of the variables, it is clear that when v = y, this term becomes undefined. Thus, analytically, it is not possible to identify and analyse stationary points in the phase-space when this occurs. The matter-like points K ± , which lie on the intersection of the y = v and x = 0 planes as detailed in [2] are also present here. The point J which lies on the v = y = 1 surface corresponds to a saddle point and represents a static universe.
The respective stabilities of these points were inferred by inspection; by examining the time evolution of the coordinates, when initial conditions are chosen near the fixed points.
E. Exact solutions
The rate of expansion, H, and the deceleration parameter, q, are related by the following expression:
where q = −ä ȧ a 2 . This relationship can be used to determine the time evolution of the scale factor at each of the equilibrium points, provided the deceleration parameter at that equilibrium point is known. In order to find the value of q at the i th equilibrium point, we need to express q in terms of the compact variables x, y, v, Q, Ω .
It follows, from the Raychaudhuri equation (34) and the constraint equations, that
For the cases in which Q = 0, direct integration of (39) results in an expression describing the evolution of
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a(t) = a0 , and while C and D lie in the phase space for all values of w ≤ −1. For our purposes −1 ≤ w ≤ 1, therefore we only consider the case when w = −1 for these points. The points C, D, E, F, G±, H± all lie on the invariant submanifold v = 0. Other w dependent fixed points were found, but are not included in this analysis as they only lie within the phase space for unphysical values of the equation of state parameter.
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, − Theorem to obtain their stability. Points C, D only exist physically in the phase space for w = −1, and the eigenvalues for these points are all equal to zero. The stability of these points were therefore determined by inspection -they are self-evidently saddle points. The points J and K± lie on the plane y = v; for these points Γ, and thus the system, is undefined and therefore there are no analytic eigenvalues for these points. The classification of these points was therefore done by inspection. For the cases w = , −1, it was only possible to determine whether or not the points were stable.
the scale factor for each equilibrium point of the compact dynamical system. This can be done for the points A ± , B ± , G ± , H ± , and K ± . Fixed points with deceleration parameter q = −1 represent de Sitter universes, with the scale factor evolving exponentially with time, while fixed points for which q = 1 represent universes which appear to be "radiationlike" 2 , as the scale factor is proportional to the square root of cosmic time.
One of the short-comings of the dynamical systems approach to cosmology, as outlined in [11] , is that it is possible for the analysis to admit fixed points which correspond to solutions of the dynamical system (as defined, for example, by (30) -(32)) but do not satisfy the cosmological equations. In many cases, constants of integration, which emerge in families of solutions to the cosmological equations, result in additional constraints, which must be satisfied by all physical points of the system. Setting the derivatives of the dynamical variables equal to zero;
implies either
Solutions to (41) may result from solving either of the equations (42) or (43), where the latter now represents a set of constraints imposed on the system [11] . For this reason, it is important to verify that the solutions obtained satisfy the cosmological equations. The points C, D, E, F, J , K, all lie on the non-invariant Q = 0 submanifold, describing solutions for which the scale factor has no time dependence, and so represent static universes.
For the HS model with n = c 1 = 1, we find that the non-static, analytic fixed points belong to one of two scale factor solutions: radiation-like or de Sitter like expansion. The fact that other cosmological evolutions do not appear as stationary phase states does not imply that this model does not allow them -it may be that the choice of variables places analytic limitations on what can appear as stationary solutions.
The expanding versions of A and B are stable equilibrium states, and correspond to de Sitter scale factor expansion histories. Several interesting orbits exist, which originate near an unstable "radiation-like" point, for example G + or H + , and evolve towards one of these accelerated expansion points. In Figure 2 four such orbits are presented. Extremely fine tuned initial conditions are required for a trajectory to pass close to the non-analytic, unstable expanding matter point K + and evolve toward either of the de Sitter late-time attractors. It is more natural for trajectories to begin near one of the radiation like points, G + or H + and asymptote towards one of the de Sitter points. This feature of this class of models will be clarified in Section V.
of the curvature fluid -at these points the curvature fluid causes the expansion of the universe to scale with time in the same way that ordinary radiation would: a(t) ∝ √ t, exhibiting "radiationlike" behaviour. The existence of these orbits show that this model naturally admits solutions which have a late time de Sitter expansion, which can produce expansion histories which look like a Dark Energy fluid is dominating the universe at late times.
F. Non-compact phase-space analysis of a HS model
Integrating the cosmological dynamical system, an expansion history for the Hu-Sawicki model is obtained, which we can compare its predictions for the Hubble parameter, deceleration parameter, total density and equation of state parameter with those of the Concordance model. In order to calculate the expansion history, a non compact phase space must be constructed, such that the Hubble rate H is no longer a dynamical variable. We, therefore, make use of the following non-compact coordinates:
The coordinate transformation between compact and non-compact variables is as follows:
whereũ represents all ofỹ,ṽ andΩ in turn. The dimensionality of the dynamical system has been reduced as there is no dynamical variable which represents the normalised volume expansion. The Friedmann equation at (7) can be reshuffled to give a constraint equation in terms of the above variables:
Since we are interested in integrating the system with respect to redshift, the differential equations corresponding to the non-compact dynamical system can be obtained by differentiating the non-compact variables (44) with respect to redshift, z:
where Γ is still given by (38) , due to the fact that the relationship between v and y, andṽ andỹ is preserved during the coordinate transformation from compact to non-compact variables. In terms of the dynamical variables, we also have an expression for the dimensionless expansion rate of the universe, h, given by the Raychaudhuri equations,
where h = H H0 . The four interesting non-boundary points and their coordinates in the compact and non-compact phase spaces are tabulated below in Table III , along with their stability and their scale factor evolution, in a universe dominated by dust. The purpose of this finite analysis is to produce an expansion history for the particular HS model under investigation with which the ΛCDM model can be compared. It is therefore only important to consider the expanding version of the fixed points. That is to say, we need only look at the non-compact fixed points corresponding to the expanding versions of the compact fixed points obtained earlier.
V. EXPANSION HISTORY FOR THE HU-SAWICKI MODEL, WITH
As already pointed out, the utility of the finite dynamical systems analysis is to provide a fast numerically stable integration of the cosmological equations linking the early and late time evolution (represented by fixed points in the phase-space of these models). This expansion history can then be compared to the ΛCDM model in order to determine whether it provides a good alternative to the standard model. We will see below that this depends critically on the choice of parameter values and the initial conditions.
A. Initial conditions
The expansion history for a universe governed by the HS model with n = 1 and c 1 = 1 is calculated, by performing an integration of the differential equations representing the dynamical system (48) − (51). The model was parametrised based on the considerations of [31] wherein fiducial restrictions were placed on the relationship between c 1 and c 2 :
to control the ratio of matter density to the cosmological constant via the parameters c 1 and c 2 . As is done in [31] , the following values for the densities at the present epoch are used:
The initial values (at the present epoch) for the Ricci scalar, R, and the derivative of the function, f (R) ≡ f R , can be given by
for |g R0 | 1. Substituting (54) into (55), we have:
Stability (w = 0) Scale factor solutioñ
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Unstable spiral a(t) = a0 3 2 H0 (t − t0) + 1 2 3 Table III: There exist two stable equilibrium points for which the scale factor increases exponentially into the future;Ã+ andB+. It follows that these states can be associated with the late time accelerated expansion of the universe attributed to an effective f (R) Dark Energy. The scale factor evolution of the points,G+ andH+ depend on the square root of time, and therefore represent "radiation" -like universes. The non-analytic matter point is included, as it also appears in the non-compact phase space on the planeỹ =ṽ.
In order to calculate the initial values for the dynamical variables (x,ỹ,ṽ,Ω), expressions for each are required in terms of the quantities q, r and h (with r and h defined by (36)), for which the initial values can be obtained by using (55) and (54) . With n = 1, c 1 = 1 we obtain:
from which we can obtain the deceleration parameter:
It follows that, in terms of the Ricci scalar, the Hubble parameter, the deceleration parameter and c 2 and C, the dynamical variables are:
Ω 0 denotes the initial value of the dynamical variable Ω, and is not to be confused with Ω m0 , which represents the matter density parameter of the universe at the present epoch. Using (53) and (55), and the fact that m 2 ≡ CH 
The above set of coordinates correspond to the present epoch, z 0 = 0, as calculated from the parameter values and constraints outlined in [31] . The values for the present epoch in the compact phase space are found to be: 
Below, in Figure 3 , an orbit in the 3D compact phase space is presented, which has its initial values at (Q 0 , x 0 , v 0 ) as given by (63) .
B. Comparing the Hu-Sawicki Model (n = 1, c1 = 1) with ΛCDM Figure 4 shows the redshift evolution of the dimensionless Hubble parameter and the deceleration parameter for the specific HS model considered above, in comparison with a ΛCDM model parametrised by the same values for Ω m and Ω Λ as above, i.e. z 0 = 0 or "today".
Hubble parameter, h
The dimensionless Hubble rate for the ΛCDM model is givel by:
and is compared to the solution of the differential equation for h(z) given by (52) . Table I . The matter point K+ lies on the plane y = v for which Γ is undefined. The crossed square indicates the point which corresponds to the present epoch as given by (63) , today (z0 = 0), for the model defined by the parameters defined in [31] . It can be seen that this point is close to the de Sitter stationary solution A+. From the orbit evolves forward in time toward A+. In its past, it passes by the unstable radiation-like stationary state, H+. Preceding the point H+, the orbit evolves from the unstable static universe phase state E.
The deceleration parameter, q
The deceleration parameter for the ΛCDM model is given by the following expression:
where as the deceleration parameter calculated for this specific HS model is given in terms of the dynamical variables as
Total equation of state parameter wT
It is interesting to consider the redshift evolution of the total equation of state parameter, w T :
Using the trace and Friedmann equations, this can be written in terms of the dynamical systems variables defined in (44) above:
The right panel in Figure 4 shows the behaviour of the total equation of state parameter. It is interesting to note that this total equation of state parameter asymptotes toward the value of w = 1 3 , indicating a universe which is dominated, for most of its history, by a curvature fluid exhibiting "radiation-like" behaviour , and only now, at very low redshifts does a change in the form of the dominant energy density take place. This result is counterintuitive, owing to the fact that the entire analysis was performed with respect to a dust only universe. However, it is consistent with the dynamical systems analysis which have unstable radiation like phase states from which the corresponding solution orbit begins. This model produces a late time negative equation of state which is consistent with the dynamical systems analysis showing an approach toward a universe having scale factor which evolves exponentially with time. However, this result is not consistent with idea that the HS model approximation holds throughout the expansion history of the universe, as it predicts that a radiation fluid energy density dominates even at relatively low redshifts. This is a highly unsatisfactory match to observations and, of course, ΛCDM predictions. This result is specific to the model considered, where n = 1, c 1 = 1. Choosing the initial parameter values to be exactly equal to their ΛCDM values today (z 0 = 0) is what compromises the agreement between this model and the ΛCDM model. To obtain a better match, an appropriate adjustment of these initial values from their corresponding ΛCDM values is required. In order to understand why this is so, consider a plot of the correction g(R) generated by the model with initial values specified at (61) for z 0 = 0, i.e. the ΛCDM values corresponding to "today", in Figure 5 .
In order for the model investigated to mimic ΛCDM behaviour, that is, exhibit a GR+cosmological constant nature, the initial value of the Ricci scalar should lie on the plateau corresponding to a constant value of g(R). However, for the specific model and density parameters above, the initial value of R/H 2 0 at z 0 = 0, the present epoch, is 9.84 as stated in (61) . This value of R/H 2 0
is not high enough to place the correction initially on the plateau, and therefore it does not allow the model (n = 1, c 1 = 1) to mimic ΛCDM behaviour. In fact, as can be seen in Figure 5 , the Ricci scalar determined by this model, for initial parameter values given by (61), (64) is compared with the dimensionless Hubble rate obtained from the integration of the equations extracted from the non-compact dynamical systems analysis (the solution to the dynamical system (48) − (52)). At very low redshifts, the two models coincide for a short interval, but after around z = 0.05 they deviate substantially. In (b), the deceleration parameter for ΛCDM given by equation (65) is compared with the deceleration parameter determined by the solution of the dynamical system at (48) −(52), given by equation (66). The deceleration parameter determined by this specific HS model supports late time acceleration as well as a stabilised deceleration at higher redshifts. However, there is a large discrepancy in the values for q predicted by the HS model and that predicted by ΛCDM for this choice of parameters. (c) shows the redshift evolution of the total equation of state parameter determined by the HS model. It exhibits odd behaviour; at high redshifts it tends towards a constant value of 1 3 indicating radiation domination-like behaviour, even though the entire analysis was performed assuming a dust filled universe of w = 0. At low redshifts it decreases sharply to indicate the domination of a fluid with negative pressure, which reaches a minimum at -1.37 and begins to increase towards the present epoch to about -0.76. This is consistent with the dynamical systems analysis which shows an early time radiation-like repeller, no matter point, and a late time stable de Sitter phase state, as a result of the fluid with equation of state w ≈ −0.76. decreases with redshift. This indicates that integrating from z 0 = 0 only drives the value of g(R) further away from its ΛCDM plateau limit.
C. Initial conditions at z0 = 20
To remedy this, we can choose initial values which increases the value of r so that it sits comfortably on the plateau of g(R), therefore generating an effective cosmological constant. This can be easily done by fixing our initial redshift to be z 0 = 20 -see Figure 6 . In this case, the initial values for the Ricci scalar, R 0 and the noncompact dynamical variables are : The above initial values are extremely close to the matter point K + , which is consistent with the fact that, at higher redshifts, we expect the dust fluid will dominate the equation of state of the universe. To illustrate this point, the solution trajectory with initial values given by (69) is presented in Figure 7 .
At this point, it is worth noting that the value of z 0 = 20 is sufficiently high in redshift to begin the integration of the dynamical system. As we increase redshift, the values of the coordinates tend closer and closer to the matter point K + , more and more quickly, to such an extent that it makes little difference whether we begin at z = 1000 or z = 20, as we have chosen. To demonstrate the effects of placing the initial value of the correction initially on its function's plateau, the corresponding plots of the dimensionless Hubble parameter, the deceleration parameter and the equation of state parameter is presented in Figure 9 .
It is clear that placing the correction g(R) initially on the constant valued plateau permits the specific HS model analysed to mimic the ΛCDM model relatively well. By doing this, we have corrected the asymptote Figure 5 : The main plot shows the behaviour of the correction. To fulfil its purpose, g(R) is constructed to tend toward zero as r → 0 in order to be compatible with GR, which is very well tested at solar system scales, and it should approach a constant value fro large r in order to mimic the observed cosmological constant behaviour, which is well described, so far, by the ΛCDM model [31] . The plateau of constant g(R) offers a simulated cosmological constant term to the gravitational Lagrangian. The dotted black line indicates the initial value of the Ricci scalar, R/H , 1). The fixed point A+ represents a de Sitter point. This trajectory clearly begins extremely close to the matter point, is affected by the spiral nature of the neighbourhood of K+ on the Q -v plane and then evolves neatly toward the de Sitter point. This shows an expansion evolution which is similar to ΛCDM, in that it evolves from a state which is matter dominated to a state which is filled with a fluid causing exponentially accelerated late time expansion. model very closely, and there is an improvement in the early time behaviour of the deceleration parameter. From these results it can be concluded that the HS model can produce a very good simulation of the ΛCDM model, however, this occurs at the expense of the present ΛCDM values of q, h and r. In order to obtain the desired behaviour; for the cosmology to be dominated by a dust fluid in the past, the values of q ΛCDM , h ΛCDM and r ΛCDM corresponding to the present epoch (z = 0) can not be used as starting values for the integration. These parameters must be adjusted to enable g(R) to initially assume its plateau value. , indicated on the plots by black dotted line. The difference between these values and the initial values of the dynamical variablesx,ỹ andṽ is too small to resolve at a redshift greater than 20. We therefore assert that beginning the integration at this redshift is sufficient to determine the behaviour of this model in the ΛCDM regime. at high redshifts. The right panel gives a total effective equation of state which clearly asymptotes towards w T otal = 0 at high redshifts (as expected) as well as tending toward a negative value in the low redshift regime, thus behaving like dark energy. These results represent a dramatic improvement on what was obtained for initial conditions at z = 0, shown in figure 4 , which was unable to produce a matter dominated evolution at high redshift.
Effects of increasing n
Note that the parameter n plays an important role in the derivative of g(R). Large values of n result in a steeper, slope of the transition between the limiting values of g(R). Therefore increasing n − making the transition from g(R) → 0 to g(R) → Constant more rapid − could place the initial value for g(R) at the present epoch (z 0 = 0) on the constant plateau of the correction function. Figure 10 shows a plot of the correction, g(R) for n = 3. In this plot, it is clear that the initial value of r at z 0 = 0 results in a value of g(R) which sits well on the constant part of the function, enabling a model which closely resembles the ΛCDM model at high curvature. Figure 10 : Above, is a plot of the correction g(R) for n = 3. It shows a significantly steeper slope, enabling a more rapid transition from the GR limit to the ΛCDM limit of the function. This slope enables the HS model (for n > 1 ) to mimic the ΛCDM model even with initial values set at the present epoch, z0 = 0. However, n = 1 is not permitted by a dynamical systems analysis performed with the variables defined by (23) or (44) , therefore other means must be used to compute its resulting expansion history. The inserted panel shows the behaviour of the corresponding Ricci scalar.
VI. CONCLUSIONS
In this paper we present for the first time a detailed analysis of the cosmological dynamics of the Hu-Sawicki (HS) model. In order to achieve this, we first expressed the fourth-order cosmological equations in terms of a set of generalised dimensionless expansion normalised dynamical variables which, span the phase space of this problem. While these equations are completely general for any f (R) theory of gravity, the choice of theory is fixed by expressing the term Γ (which appears in the equations) in terms of the set of dynamical variables, thus closing the system of equations. In the case of the HS model, this can only be done for the particular choice of model parameters: n = 1 and c 1 . While this may appear somewhat restrictive, it is easy to show using other numerical experiments, that this choice does not lead to a loss of generality. Indeed, choosing n > 1, simply leads to an improved fit to the standard ΛCDM expansion history [53] .
A compact dynamical systems analysis was performed using a positive definite normalisation, which brings any equilibrium points at infinity to the boundary of the region defined by the range of the dynamical systems variables. From this analysis, twelve equilibrium points were identified, each having an expanding (Q > 0) and contracting (Q < 0) version. Four de Sitter like stationary states were found A ± and B ± , two within the expanding part of the phase space, with the other two corresponding to the collapsing versions. Focusing on the expanding versions of these points, both A + and B + are stable stationary phase states. Two unstable "radiation like" states -G + and H + exist in the expanding sector of the phase space. There are several orbits which connect these "radiation" points to the de Sitter phase states, offering trajectories which resemble the chronological evolution of the scale factor of our universe.
On the surface y = v, a very interesting, non-analytic, matter-like point, K + , was identified which after careful analysis, turns out to be an unstable spiral point. There does exist a trajectory which evolves from K + toward a de Sitter phase state at A + , the existence of which indicates that the Hu-Sawicki model provides a modification to gravity able to produce expansion histories consistent with the ΛCDM model.
In order to consider the expansion history generated by the HS model, a finite dynamical systems analysis was performed to confirm that the non-boundary points obtained in the compact analysis were, in fact, finite points. The finite points obtained in this analysis are the analogies of the de Sitter and "radiation like" points, A ± , B ± , G ± and H ± .
It was found that for n = 1, the expansion history generated from the initial values and parameter values specified in [31] for the present epoch resulted in a universe which is dominated until very low redshifts by an equation of state parameter equal to 1 3 , implying that fixing the initial conditions to be exactly those of the ΛCDM conditions today leads to an expansion history very different from ΛCDM and high redshifts (z > 1). This is due to the fact that for n = 1, the slope of the correction g(R) defined by the HS model does not allow for the initial value of g(R) to sit on the constant valued plateau of the function. It is this plateau which mimics the late time cosmological constant behaviour of the model. We showed that by setting initial conditions to be the same as ΛCDM model at high redshift, leads to a value of g(R) which is equal to its "plateau" value and consequently leads to an expansion history which is much closer to the ΛCDM model. Moreover it produces a dimensionless Hubble parameter that is nearly indistin-guishable from ΛCDM, with deviations only appearing in the dynamics of the deceleration parameter. Most importantly, it gives an equation of state parameter which behaves like CDM for most of the expansion history, and begins to tend toward -1 to indicate the domination of an effective cosmological constant term, at low redshifts.
Unfortunately for values of n different from 1, the dynamical systems formalism presented here does not lead to a set of autonomous equations which can be analysed in the same way. However, we expect that the key features found in the n = 1 case to remain the same. Never the less finding a set of variables which is able to facilitate the dynamical systems analysis a general HS model in order to perform a complete analysis of the general phase space of these models remains an interesting problem which has been partially addressed in a recent paper [65] .
